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STRESS AND SHAPE ANALYSIS OF A PARAGLIDER  WING^ 
By Robert W.  Fral ich2 
SUMMARY 
A combined aerodynamic-structural  ana lys i s  i s  made which i s  based on t h e  
assumption t h a t  t h e  s a i l  i s  f l e x i b l e  and has freedom t o  take  t h e  shape which t h e  
aerodynamic pressure and the  i n t e r n a l  s t r e s ses  d i c t a t e .  Numerical r e s u l t s  were 
obtained f o r  Newtonian impact aerodynamic theory and were compared with published 
r e s u l t s  obtained f o r  a r i g i d  idea l i za t ion  of t h e  paragl ider  wing. It was found 
t h a t  t h e  assumed r i g i d  idea l i za t ion  d id  not approximate t h e  shape of a f l e x i b l e  
4 
wing w e l l  and led  t o  s ign i f i can t  e r r o r s  i n  the  l i f t  and drag fo rces  and t h e  
l i f t - t o - d r a g  r a t i o .  The new ca lcu la t ions  provide a basis f o r  design of para- 
g l i d e r s  f o r  hypersonic f l i g h t .  
INTRODUCTION 
The paragl ider  wing i s  under ac t ive  development as a cont ro l lab le  l i f t i n g  
device f o r  landing space veh ic l e s .  
ca t ions  such as recovering rocket boosters  and e f f e c t i n g  r een t ry  i n t o  t h e  e a r t h ' s  
atmosphere. A t y p i c a l  configurat ion i s  shown i n  figure 1. (See a l s o  pi3.) 
It c o n s i s t s  of leading-edge booms and a keel  boom joined toge ther  a t  t h e  nose 
It has a l so  been suggested f o r  other  appl i -  
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and a f l e x i b l e  sa i l  whose surface c a r r i e s  t h e  aerodynamic pressure loading. The 
payload i s  usua l ly  suspended beneath t h e  wing by shroud l i n e s .  
between booms i s  o f t e n  constrained by use of spreader b a r s  o r  by means of a 
sp r ing  mechanism a t  t h e  nose. 
t h e  shroud l i n e s  and thus  pos i t i on ing  t h e  payload with respect  t o  t h e  wing. 
The d i s t ance  
Control i s  afforded by ad jus t ing  t h e  length of 
Various wind-tunnel and f r e e - f l i g h t  i nves t iga t ions  have been made using 
e i ther  f l e x i b l e  o r  r i g i d  i d e a l i z a t i o n s  of pa rag l ide r  wings i n  order  t o  f i n d  
l i f t  and drag c h a r a c t e r i s t i c s  o r  s t a b i l i t y  and con t ro l  c h a r a c t e r i s t i c s .  (See, 
f o r  example, [1-8]. ) None of the inves t iga t ions  on f l e x i b l e  sa i l s  yielded the  
def lected shape, t h e  pressure d i s t r i b u t i o n  on t h e  sa i l ,  o r  t h e  stresses i n  t h e  
s a i l .  Two inves t iga t ions  b,6] on r i g i d  i d e a l i z a t i o n s  d id  y i e l d  pressure d i s -  
t r i b u t i o n s .  However, t hese  d i s t r i b u t i o n s  apply t o  t h e  f ixed  shape of  t h e  
idea l i zed  wing and only represent  t h e  d i s t r i b u t i o n  on an a c t u a l  f l e x i b l e  sa i l  
i f  t h e  r i g i d  i d e a l l z a t i o n  corresponds t o  t h e  a c t u a l  de f l ec t ed  shape of t h e  
f l e x i b l e  wing. 
I n  t h i s  paper a t h e o r e t i c a l  i n v s s t i g a t i o n  i s  made which c o n s i s t s  of a com- 
bined s t r u c t u r a l  and aerodynamlc a n a l y s i s .  I n  t h i s  a n a l y s i s ,  the  s a i l  i s  
assumed t o  be an inextensional ,  f l e x i b l e  membrane which has complet,e freedom too 
t ake  the  shape which the aerodynamlc p res su res  and t h e  i n t e r n a l  stresses d i c -  
t a t e .  The assumptions are a l s o  made t h a t  t h e  booms are  r i g i d  and s t r a i g h t  and 
t h a t  they have s m a l l  enough c ross  s e c t i o n s  so as not t o  a f f e c t  t h e  aerodynamics. 
The booms are maintained a f ixed  d i s t a n c e  a p a r t  by spreader b a r s ,  and t h e  
d i h e d r a l  of t h e  leading-edge booms i s  f ixed w i t h  respect  t o  t h e  k e e l  boom. 
The aerodynamic theory used i s  Newtonian impact t heo ry ,  which has  some- 
times been used t o  express t h e  aerodynamic pressure-shape r e l a t i o n s h i p  f o r  t h e  
hypersonic speed range. (See, f o r  example, [g,lO].> This  choice of aerodynamic 
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theory  i s  governed by two f a c t o r s .  F i r s t ,  Flewtonian theory  leads  t o  a simpli-  
f i e d  ana lys i s  which shows t h e  a p p l i c a b i l i t y  of t he  present  approach i n  a simple 
manner. 
i d e a l i z a t i o n  of a paragl ider  wing, and thus serves as a b a s i s  of comparison f o r  
t h e  numerical r e s u l t s .  
r a t i o n  t h a t  corresponds t o  t h i s  r i g i d  idea l i za t ion  i n  the  sense t h a t  it has t h e  
same surface planform and the  same kee l  and leading-edge loca t ions .  The v a r i -  
a t i o n s  of l i f t  and drag c o e f f i c i e n t s  with angle of a t t a c k  are compared with 
those f o r  t h e  r i g i d  i d e a l i z a t i o n  and t h e  def lected shape, pressure d i s t r i b u t i o n ,  
and s t r e s s  r e s u l t a n t s  i n  t h e  sai l  a r e  determined. Also, numerical r e s u l t s  a r e  
presented t o  show e f f e c t s  of v a r i a t i o n  i n  d ihedra l  angle ( r a i s i n g  o r  lowering 
of t he  leading-edge booms). 
Second, t h i s  aerodynamic theory has been appl ied i n  [7] t o  a r i g i d  
Numerical r e s u l t s  a r e  obtained f o r  a f l e x i b l e  configu- 
GOVERNING EQUATIONS 
Geometry of the  S a i l  
I n  t h i s  ana lys i s  t h e  s a i l  i s  assumed t o  be constructed from a f l a t ,  inex- 
t ens iona l  membrane which may t a k e  some ra the r  general  shape i n  i t s  loaded 
equi l ibr ium condi t ion.  By v i r t u e  of i t s  i n e x t e n s i b i l i t y ,  it i s  poss ib le  t o  
e s t a b l i s h  appropriate  coordinates  i n  t h e  surface by considering t h e  sa i l  i n  
i t s  f l a t  (unloaded) condi t ion.  
designated by t h e  coordinates  x and 0 .  Since t h e  paragl ider  wing i s  sym- 
met r ic  about t h e  axis ( f i g .  l), and since only symmetric deformations and 
loadings w i l l  b e  considered here in ,  only tha t  por t ion  of t he  wing i n  t h e  first 
quadrant need be considered. 
8 = 0 and t h e  leading-edge boom, of length ZL, a t  0 = eL. It i s  a l s o  assumed 
t h a t  t h e  t r a i l i n g  edge of t h e  s a i l  i s  s t r a i g h t ;  po in ts  on t h e  t r a i l i n g  edge a r e  
(See f i g .  2 (a) . )  Poin ts  on t h e  sa i l  are thus  
x1 
The keel  boom, of length  2K, i s  loca ted  a t  
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expressed by t h e  equation 
2KA 
5 = s i n  e + A cos e 
where 
s i n  0~ 
A = -  
LK - - cos eL 
2L 
and a subscr ipt  T has been added t o  ind ica t e  t h a t  t he  values  of x from t h i s  
equation are  values a t  t h e  t r a i l i n g  edge. 
Far the x,e po la r  coordinate system, the  f i r s t  fundamental form i s  given 
Since t h e  booms a r e  s t r a i g h t  and r i g i d  and l i e  on x-coordinate l i n e s  and s ince  
deformations of t h e  s a i l  a r e  assumed inextens iona l ,  t h e  x,0 coordinate curves 
a r e  l i n e s  of p r inc ipa l  curvature of t h e  loaded surface f o r  which 
7 R1 = 
(4) 
a r e  t h e  r a d i i  of p r inc ipa l  curvature .  
curvature  which has the  second fundamental form 
vent ion on g 
This  i s  a surface of zero Gaussian 
gde2. Note t h a t  the s ign  con- 
d i f f e r s  from t h a t  u sua l ly  employed i n  re ferences  i n  d i f f e r e n t i a l  
geometry of surfaces  i n  t h a t ,  f o r  p o s i t i v e  curvature  of t h e  sur face ,  t h e  posi-  
t i v e  d i r ec t ion  of t h e  normal i s  outward. 
of compat ibi l i ty  ( see [ll] ) not i d e n t i c a l l y  s a t i s f i e d  becomes 
The only one of t h e  Codazzi equat ions 
In t eg ra t ion  of equation ( 3 )  y ie lds  
where R ( 0 )  i s  an a r b i t r a r y  function of 8 a lone.  Then the  radius  of curva- 
t u r e  R2 (eq.  (4 ) )  i s  
R2 = xR(8) (7) 
Equilibrium Equations 
Equilibrium of the  loaded s a i l  i s  governed by the  equilibrium equations 
of membrane s h e l l s  of zero Gaussian curvature (see,  f o r  example, [12]). 
terms of t h e  x , 8  coordinates,  these a re :  
I n  
f o r  t h e  case where only normal pressure forces  X a c t  on the  surface of t he  
s a i l .  Here Nx and Ne a r e  t h e  normal s t r e s s  r e s u l t a n t s  i n  the  x and 8 
d i rec t ions ,  respec t ive ly ,  and Fixe i s  t h e  shearing s t r e s s  r e s u l t a n t .  The 
comma followed by a subscr ipt  denotes p a r t i a l  d i f f e r e n t i a t i o n  with respect  t o  
t h i s  subsc r ip t .  
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Boundary Conditions 
It i s  appropriate  t o  consider fo rce  boundary condi t ions along a general  
boundary contour C of t h e  loaded surface.  Thus, one may prescr ibe  
2 ] (11) PL = Z1 Nx + 2Z11&e + Z22N8 
P S = llSINx + ( 2 1 ~ 2  + 22s1)NXe + 1 2 ~ 2 N Q  
where PL and Ps a r e  appl ied boundary fo rces  per  u n i t  length i n  t h e  surface 
normal and tangent t o  C ,  r espec t ive ly .  Here 21 and l2 are t h e  components 
of t h e  uni t  outward surface normal t o  C and s1 and s2 a r e  t h e  compo- 
- 
nents  of the unit tangent S ( i n  t h e  d i r e c t i o n  
- 
and S are orthogonal vec tors  
Sill + s2z2 = 0 
“1 + E22 = 1 
2 21 + 122 = 1 
From f igu re  3 it can be seen t h a t  
- dx s1 - - 
ds 
de s 2 = x -  
d s  
For a given boundary contour C ,  sl and 
- 
of increas ing  5). Since L 
I 
s2 can be found from equa- 
t i o n s  (13) and (15) and 2 1  and 22 f r o m  equat ions (12) and (14) .  Then t h e  
fo rce  boundary conditions f o r  t he  given contour are determined from 
equa5ions (11). 
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Trail ing-edge boundary condi t ions.-  A t  the  t r a i l i n g  edge t h e  boundary con- 
t o u r  i s  expressed by equation (1). 
obtained : 
From equations (1) and (15) t h e  following i s  
( 16) ( s i n  8 + A cos 8)sl + (cos 8 - A s i n  e ) s 2  = 0 
Simultaneous so lu t ion  of equations (13) and (16) together  with t h e  so lu t ion  of 
equations (12) and (14) y i e lds  
s2 = z1 = - A ( s i n  e + A cos e )  
Now app l i ca t ion  of equation (11) along a s t r e s s - f r ee  t r a i l i n g  edge y i e lds  
+ (cos  8 - A s i n  f3)2(Ne) 
and 
F ina l ly ,  equat ions (19) and (20) may be recas t  i n  convenient form by solving f o r  
(Nxe)T and (Nx)T and using equations (1) and (10) 
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and 
Nose boundary conditions.-  The boundary condi t ions a t  t h e  nose of t he  s a i l  
a r e  obtained by considering t h e  l i m i t i n g  case of a s t r e s s - f r e e  boundary t h a t  
shr inks  t o  a po in t .  Hence t h e  s t r e s s  r e s u l t a n t s  Nx, No,  and Nxe must 
remain f i n i t e  a t  t h i s  po in t .  
Keel and leading-edge boundary condi t ions.-  The boundary condi t ions a t  t h e  
kee l  and leading edge a re  given by specifying t h e  r e l a t i v e  pos i t i ons  of t he  kee l  
and leading edge. De ta i l s  of t h e  spec i f i ca t ion  of these  boundary conditions 
a r e  reserved t o  a subsequent sec t ion .  
ANALYSIS 
Solut ion of Equilibrium Equations 
Subs t i tu t ion  of t h e  expression f o r  Ne from equat ion (10) i n t o  equa- 
t i o n s  (8) and (9) y i e lds  
In tegra t ion  of equation (24) g ives  
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where t h e  boundary condition f o r  f i n i t e n e s s  of t h e  stress r e s u l t a n t  a t  t h e  nose 
of t h e  sa i l  has  been s a t i s f i e d .  Subs t i tu t ion  of Nxg from equation (25) i n t o  
equation ( 2 3 )  and in t eg ra t ion  then y i e lds  
where again,  t h e  boundary condition a t  x = 0 has been imposed. Thus, t h e  
stress r e s u l t a n t s  Ne, Nxg, and Nx are readi ly  expressed i n  terms of t h e  
aerodynamic pressure  X(x,9) and t h e  s i n g l e  parameter R ( 9 ) .  
Now t h e  boundary conditions (21) and (22) f o r  s t r e s s  r e s u l t a n t s  a t  t h e  
t r a i l i n g  edge of t h e  sa i l  are seen t o  require:  
t should be noted t h a t  both equations (27) and (28) must be s a t i s f i e d ;  how- 
ver ,  only the one a r i b t r a r y  funct ion R ( 9 )  
wo condi t ions.  D i f f i c u l t i e s  of t h i s  nature are commonly found when deal ing with 
iembrane s h e l l s  of zero Gaussian curvature  (see, f o r  example, [12]) and as a 
*esu l t  membrane stress states can, i n  general, be  obtained only i n  spec ia l  
i s  ava i l ab le  f o r  s a t i s f y i n g  these  
2ases. For the s t r a i g h t  t ra i l ing-edge  boundary condi t ions considered i n  t h i s  
problem t h e  f o r t u n a t e  s i t u a t i o n  arises t h a t ,  f o r  any aerodynamic pressures  of 
t h e  type 
x(x,e> = anxnG(e)  
n=-1 
10 
a s ingle  funct ion R ( 8 )  
and (28) and thus  leads  t o  t r u e  membrane s t r e s s  s t a t e s .  
dynamic pressures  of th is  type,  a s t r a i g h t  t r a i l i n g  edge i s  necessary f o r  
obtaining a membrane s t r e s s  s t a t e  t h a t  s a t i s f i e s  both t ra i l ing-edge  boundary 
conditions.  
can be found which s a t i s f i e s  both equations (27 )  
Moreover, f o r  aero- 
The parameter R ( 8 )  expresses the  shape of t he  loaded surface of the  s a i l  
and t h e  aerodynamic pressure X(x,8) i s  dependent on t h i s  shape. It i s  con- 
venient  fo r  der iving a r e l a t ionsh ip  between aerodynamic loading and t h e  shape 
t o  express t h e  shape i n  terms of angles  p ( e )  and S ( 8 )  measured from the  kee l  
l oca t ion  r a t h e r  than by R ( f 3 ) .  (See f i g .  2(b) . )  I n  appendix A t h e  param- 
e t e r  R(8) i s  found i n  terms of p, and 6 i s  r e l a t e d  t o  p v i a  t h e  condition 
of i n e x t e n s i b i l i t y .  The r e s u l t i n g  equations a re :  
I A 
and 
R ( 8 )  = 
dfi 
Application of Newtonian Impact Theory 
The e n t i r e  ana lys i s  up t o  t h i s  po in t  i s  based upon equi l ibr ium considera- 
t i o n  of the  s a i l  subjected t o  normal pressure ,  and t h e  equations derived a re  not 
dependent upon any spec i f i c  aerodynamic theory.  I n  this sec t ion  use i s  made of 
Newtonian impact theory.  
used f o r  hypersonic v e l o c i t i e s ,  has t h e  advantage of y i e ld ing  pressures  X 
(See,  f o r  example, [9,lO]. ) This theory,  o f t en  
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which a r e  funct ions of 0 alone and thus  permitt ing s a t i s f a c t i o n  of  t he  boundary 
condi t ions (27) and (28) .  
appl ied i n  [7] t o  a r i g i d  i d e a l i z a t i o n  of a paragl ider  wing; t he re fo re ,  a d i r e c t  
comparison can be made with t h e  r e s u l t s  of [7] t o  evaluate  t h e  use of r i g i d  
I n  addi t ion ,  t h i s  aerodynamic theory has a l s o  been 
models i n  t h e  study of paragl ider  behavior.  
I n  Newtonian impact theory,  t h e  pressure a t  a point  i s  given by t h e  
r e l a t i o n  
7 x = 2q sin', i f  E 2 o 
or 1 X = O  i f  E < O  
where q i s  t h e  dynamic pressure and E i s  t h e  angle between t h e  l o c a l  stream- 
wise u n i t  tangent  vec tor  and t h e  free-stream ve loc i ty  vec tor .  
theory r equ i r e s  t h a t  t h e  moving stream gives up i t s  "normal" component of 
momentum ( t o  t h e  surface impacted) but  retains the  t a n g e n t i a l  component which 
passes  o f f  t a n g e n t i a l l y  t o  t h e  l o c a l  surface.  Only por t ions  of t h e  surface t h a t  
"see" t h e  flow have a nonzero pressure coe f f i c i en t ,  as ind ica ted  i n  equa- 
t i o n s  (32). The u n i t  normal 5 t o  t h e  surface has  been determined i n  terms of 
t h e  parameters p and 6 i n  appendix A (see eq.  (52)) .  I f  it i s  noted that 
s i n  E = COS( y,;) = i - v , and use i s  made of equation (32) , t h e  pressure  on the  
Newtonian impact 
L - 
sa i l  a t  a given poin t  (eq. (32)) i s  r ead i ly  expressed as 
2 
( 33) 
From equat ion ( 3 3 )  , it i s  evident  t h a t  X i s  a funct ion of 0 alone.  
For t h i s  case,  t h e  boundary condi t ions (29 and (28) on t h e  stress r e s u l t a n t s  
12 
a t  t h e  t r a i l i n g  edge of t he  s a i l  a r e  s a t i s f i e d  by 
C (Rx) = -  
xT3 
Here the  constant of i n t eg ra t ion  C i s  t o  be determined by t h e  r e l a t i v e  posi-  
t i o n s  of t h e  kee l  and leading edge. 
Equation (34) upon subs t i t u t ion  from equation (33) f o r  X and equation (30) 
f o r  R y ie lds  a d i f f e r e n t i a l  equation from which t h e  def lec ted  shape of t h e  
s a i l  i s  determined; t hus  Jw + cos a s i n  6 d(* -
-,/-[cos de p s i n  a - s i n  p cos 6 cos a> d0 de 
One other  r e l a t i o n  i s  needed. This i s  provided by in t eg ra t ion  of equation (31): 
The negative s ign i n  equation (31) i s  ru led  out s ince  t h e  lower ( o r  upstream) 
surface must "see" the  flow. Solut ion of t h e  simultaneous nonl inear  equa- 
t i o n s  (33) and (%), f o r  p and 6, and s a t i s f a c t i o n  of spec i f ied  condi t ions 
p ( 0 ~ )  
and 6 eL , a t  t h e  leading edge of t h e  sai l ,  determines t h e  def lec ted  0
shape of the sail .  This so lu t ion  i s  e f f e c t e d  by using 
represent  de r iva t ives  of p with respec t  t o  0 :  
f i n i t e  d i f f e rences  t o  
I 
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where A i s  t h e  spacing of t h e  s t a t i o n s  and s t a t i o n  n = 0 i s  taken a t  t h e  
kee l .  Parabol ic  i n t eg ra t ion  i s  employed to evaluate t h e  i n t e g r a l  i n  equa- 
t i o n  (36) so t h a t  
where 
fn  = 
n cos pn 
m e n ,  i f  va lues  of (dp/de),, (c/q2K3),  and angle of a t t a c k  a a r e  speci-  
f i e d ,  equat ions (35) and (36) became two simultaneous equations f o r  determining 
6, and &+l i n  terms of t h e i r  values  a t  preceding s t a t i o n s .  For each s e t  of 
s e l ec t ed  values  of (dp/d8)o, C q2K , and a, these  equations a r e  appl ied 
( ) and “ 0 ~ )  a t  t h e  leading successively t o  obtain a set of values  of p 
edge. The values  of (dp/de), and (C/qlK3) a r e  then var ied  u n t i l  t h e  
def lec ted  shape with t h e  desired boundary values of 
obtained.  
(I 3 ,  
P(eL) and &((BL) i s  
The stress r e s u l t a n t s  may now be evaluated. With t h e  r e l a t i o n s  (34) f o r  
RX, and (1) f o r  3 equat ions (lo), ( 2 5 ) ,  and (26) become 
N e  = ( + ) 3 s i n  8 + A cos e) 3 
Q2K 
C % s i n  e + A cos e) (cos  a - A s i n  e) 2 
Nx = (q2K3)~3 
2 - - C x * s i n  e + A cos e) (cos  e - A s i n  e )  
Nxe (q2K3)~3 
where A i s  given by equation (2)  and where has been determined i n  t h e  
course of t h e  numerical i n t eg ra t ion  described above. 
Determination of the  two p r i n c i p a l  s t r e s s  r e s u l t a n t s  y i e lds  t h e  value zero 
and 
a c t i n g  perpendicular and p a r a l l e l  t o  t h e  t r a i l i n g  edge, respec t ive ly .  
u r e  2(a)  and equation (1) it can be seen t h a t  l i n e s  p a r a l l e l  t o  the  t r a i l i n g  
From f i g -  
edge a r e  given by 
s i n  8 + A cos 8 
so t h a t  along these  l i n e s  the  m a x i m u m  p r i n c i p a l  stress r e s u l t a n t  i s  a constant :  
In tegra t ion  of  t h e  s t r e s s  r e s u l t a n t s  given by equations (39) a t  t h e  kee l  
and leading edge y i e l d s  the  r e s u l t a n t  fo rces  appl ied by t h e  s a i l  t o  t h e  booms. 
(See f i g .  4.)  
and xo d i rec t ions ,  t he  l i f t  and drag fo rces  are obtained. The boom f o r c e s  
and t h e  l i f t  and drag fo rces  are determined i n  appendix B. 
Then by considering t h e  components of t h e  boom fo rces  i n  t h e  zo 
NUMERICAL F3SULTS AND DISCUSSION 
Numerical r e s u l t s  a r e  presented and discussed for  a configurat ion t h a t  
corresponds i n  a l l  poss ib le  respec ts  t o  a r i g i d  i d e a l i z a t i o n  analyzed 
i n  [TI .  This configurat ion has kee l  and leading-edge booms of equal  length ;  
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and, i n  t h e  undeflected f l a t  condi t ion,  the  angle 
leading-edge booms) i s  45'. 
8L (between t h e  kee l  and 
Boundary conditions which l o c a t e  t h e  leading-edge 
boom r e l a t i v e  t o  t h e  keel boom are chosen t o  correspond t o  t h e  r i g i d  idea l iza-  
t i o n  i d e n t i f i e d  i n  [7] as having "180° canopy i n f l a t i o n . "  
condi t ions are given by 
These boundary 
6(eL) = 28.2' 
which y i e l d s  a d is tance  between t h e  ends of t h e  leading-edge and kee l  booms 
equal  t o  
= 0. W722K 
The d i f f e r e n t i a l  equation (35), f o r  t h e  def lec ted  shape, and i t s  aux i l i a ry  
equat ion (36) were solved with f i n i t e  d i f fe rences  appl ied a t  i n t e r v a l s  of 
A = 1' i n  the va r i ab le  0 .  The problem was programed on a high-speed d i g i t a l  
computer, and def lec ted  shapes were calculated f o r  var ious  angles  of a t t ack .  
From t h e  ca lcu la ted  def lec ted  shapes, the pressure coe f f i c i en t ,  t h e  s t r e s s  
r e s u l t a n t s ,  t h e  r e s u l t a n t  fo rces  appl ied by t h e  s a i l  t o  t h e  booms, t h e  l i f t  and 
drag c o e f f i c i e n t s ,  and t h e  r a t i o  of l i f t  t o  drag were ca lcu la ted  f o r  each angle 
of a t t a c k .  
de f l ec t ed  shape of the surface of the sai l  i s  shown by t h e  so l id  curves i n  f i g -  
u r e  5 f o r  angles  of a t t a c k  of 30°, 60°, and 90'. 
i d e a l i z a t i o n  of [7 ]  ( t h e  dashed curve) shows that t h e  r i g i d  idea l i za t ion  
i s  s u b s t a n t i a l l y  i n  e r r o r  a t  a l l  angles  of a t t ack .  
These results are given i n  table 1 and f i g u r e s  5 through 7. Tine 
Comparison wi th  t h e  r i g i d  
The va r i a t ion  of pressure 
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~ coef f ic ien t  Cp = X / q  with angle of a t t a c k  i s  shown i d  f igu re  6 .  Figures  5 
and 6 show that,  as t h e  angle  of a t t a c k  increases ,  t h e  poin t  of maximum deflec-  
t i o n  and t h e  point  of m a x i m u m  pressure coe f f i c i en t  move outboard from t h e  kee l .  
l 
A t  any point  on the  sail ,  t h e  d i r ec t ions  of t h e  p r i n c i p a l  stress r e s u l t a n t s  
I a r e  perpendicular and parallel t o  t h e  t r a i l i n g  edge. 
value zero f o r  a l l  po in t s  on t h e  sai l .  The o ther  has  a constant value N f o r  
a l l  points  on a l i n e  p a r a l l e l  t o  t he  t r a i l i n g  edge. This value i s  obtained by 
use of equation (42) 
The f i rs t  one has  t h e  
N = 1.172 - ( qz;3)(x) =Oq 
where gives  t h e  i n t e r s e c t i o n  of t h e  l i n e  with t h e  kee l .  The magnitude 
v a r i e s  with angle of a t t a c k  through t h e  constant  - which can be obtained by C 
sz,3 
I (x), =o use of t ab le  1. The magnitude N i s  a l s o  propor t iona l  t o  t h e  d i s t ance  
from t h e  nose. Note t h a t  t h e  maximum stress i s  a t  t h e  t r a i l i n g  edge and i s  a 
quan t i ty  o f  p r inc ipa l  i n t e r e s t  i n  t h e  design of t h e  sa i l .  
The l i f t  and drag c h a r a c t e r i s t i c s  of t he  f l e x i b l e  wing are compared with 
those f o r  t h e  r i g i d  i d e a l i z a t i o n  i n  figures 7(a) and 7(b)  which show t h a t  t h e  
a r b i t r a r y  shape used f o r  t h e  r i g i d  i d e a l i z a t i o n  causes an overestimation of 
t h e  l i f t  and drag fo rces  over t h e  complete range of angle  of a t t ack ;  however, 
t h e  same t rends  a re  apparent f o r  both t h e  r i g i d  and f l e x i b l e  wings. The l i f t -  
to-drag r a t i o  ( f i g .  7 ( c ) )  which i s  a measure of t h e  angle of g l i d e ,  shows a very 
s ign i f i can t  d i f fe rence  f o r  angles  of a t t a c k  below 50'. 
ca r r i ed  below 25' because of t h e  l a r g e  amount of computer t i m e  needed i n  order  
t o  obta in  t h e  def lec ted  shape i n  this range of angle  of a t t a c k .  This d i f f i c u l t y  
a r i s e s  because a t  low angles  of a t t a c k  small changes i n  t h e  assumed values  of 
Computations were not 
C / q 1 2  and (dp/de), produce l a r g e  changes i n  t h e  def lec ted  shape. Presumably, 
L/D drops abrupt ly  a t  some lower value of a. But t h e  r e s u l t s  a l ready  show 
that 
of L/D f o r  t h e  r i g i d  i d e a l i z a t i o n .  
L/D f o r  t h e  f l e x i b l e  sa i l  i s  more t h a n  t h r e e  times t h e  m a x i m u m  value 
The r e s u l t a n t  fo rces ,  apFlied by t h e  s a i l  t o  t h e  kee l  and leading-edge 
booms, and the loca t ion  of t hese  fo rces  a r e  given i n  t a b l e  1. These values  may 
be used by t h e  designer  f o r  ca l cu la t ing  s t r e s s e s  i n  shroud l i n e s  and spreader 
bars. S t r e s ses  i n  t h e  booms may then be found by analyzing these  booms as 
f r e e - f r e e  beams subjected t o  t h e  se l f -equi l ibra t ing  system of loads provided by 
t h e  sail ,  shroud l i n e s ,  and spreader b a r s .  
E f f e c t s  of changing t h e  d ihedra l  of the wing were a l s o  considered. The 
boundary condi t ions f o r  t h i s  case correspond t o  maintaining t h e  value 
and specifying var ious values  of p 8 . These computations were performed f o r  
an  angle of a t t a c k  
t r i b u t i o n s ,  boom fo rces ,  and l i f t  and drag coe f f i c i en t s .  The v a r i a t i o n  of t h e  
force  c h a r a c t e r i s t i c s  wi th  d ihedra l  i s  given i n  t a b l e  2. The va r i a t ion  of l i f t  
and drag c o e f f i c i e n t s  with d ihedra l  i s  shown i n  f i g u r e  8. The maximum values  
of lift and drag c o e f f i c i e n t s  are obtained f o r  a d ihedra l  angle of about -8'. 
( L) 
a = 35' i n  order  t o  f ind  def lec ted  shapes, pressure d is -  
CONCLUDING REMARKS 
Equilibrium equations f o r  t h e  s a i l  of t h e  paragl ider  wing have been derived 
and in t eg ra t ed .  
s t r e s s  r e s u l t a n t s  i n  t h e  sail, boom forces  and l i f t  and drag i n  terms of the  
Resul t s  a r e  first obtained i n  r a the r  general  form f o r  t h e  
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pressure on the  s a i l  and a parameter that  descr ibes  t h e  de f l ec t ed  shape of t h e  
s a i l .  The spec i f i ca t ion  of an appropriate  aerodynamic theory - i n  t h e  present  
case,  Newtonian impact theory  - then permits s a t i s f a c t i o n  of t h e  boundary condi- 
t i o n s  a t  t h e  t r a i l i n g  edge and ca l cu la t ion  of t h e  de f l ec t ed  shape of t h e  sa i l .  
F ina l ly ,  t h e  general  formulas are appl ied t o  ca l cu la t e  t h e  stress r e s u l t a n t s ,  
l i f t ,  and drag. 
Numerical r e s u l t s  have been obtained and have been compared with published 
r e s u l t s  f o r  a r i g i d  i d e a l i z a t i o n  of t h e  pa rag l ide r  w i n g .  The comparison shows 
t h a t  t h e  assumed shape of t h e  r i g i d  wing i s  considerably i n  e r r o r  over t h e  
complete range of angles  of a t t a c k .  Consequently, t h e  l i f t  and drag c o e f f i -  
c i e n t s  and, e s p e c i a l l y  t h e  l i f t - t o - d r a g  r a t i o ,  f o r  t h e  f l e x i b l e  wing are s ig -  
n i f i c a n t l y  d i f f e r e n t  from t h e  values  found f o r  t h e  r i g i d  wing. Thus use of 
r i g i d  idea l i za t ions  i n  wind-tunnel i nves t iga t ions  t o  draw conclusions as t o  t h e  
aerodynamic c h a r a c t e r i s t i c s  of t h e  paragl ider  - e s p e c i a l l y  the  l i f t - t o - d r a g  
r a t i o  - may be g r e a t l y  misleading. 
The calculated stress r e s u l t a n t s  and boom f o r c e s  provide a b a s i s  f o r  
design of sails ,  booms, shroud l i n e s ,  and spreader bars f o r  a pa rag l ide r  i n  
hypersonic f l i g h t .  
APPENDIX A 
SHAPE OF LOADED SURFACE OF THE SAIL 
I n  t h i s  appendix t h e  shape of t he  loaded surface of t h e  s a i l  i s  represented 
by t h e  angles  P and 6 shown i n  f igure  2 ( b ) ) .  The xl-axis of t h e  rectangular  
Cartesian coordinates xl, yl, z1 i s  al ined with t h e  kee l  of the  paragl ider  
and t h e  xlzl-plane i s  t h e  v e r t i c a l  plane of symmetry of the  paragl ider .  Hence 
7 z1 = x s i n  p 
y1 = x cos p s i n  6 I 
Consider t he  kee l  a t  an angle of a t t ack  a and def ine  rectangular  
Cartesian coordinates xo, yo, zo such tha t  t h e  %-axis i s  a l ined  with t h e  
d i r e c t i o n  of a i r f low.  
t h u s  
The %zO-plane i s  coincident with t h e  xlzl-plane ( f i g .  l), 
( 44) 1 zo = x ( s i n  p cos a - cos p cos 6 s i n  a) xo = x ( s i n  p s i n  a + cos p cos 6 cos a) yo = x cos p s i n  6 
Now if zo i s  t r e a t e d  as a funct ion of xo, yo, represent ing the  def lec ted  
surface i n  t h e  xo, I zo coordinate system, YO’ 
dzo = - a20 dx() + - a20 dY0 
ax0 b 0  
and it can be shown from equations (44) and (45) t h a t :  
(45) 
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and 
Also 
-s in  6 cos a - + ( s i n  cos 6 cos a - cos p s i n  a ) c o s  p d6 -- = df3 de 
mb -s in  6 s i n  a + ( s i n  p cos 6 s i n  a + cos p cos a )cos  p - d6 
de de 
dp d6 cos 6 - + s i n  p cos $ s i n  6 - - -  azo - de de 
’YO d6 - s in  6 s i n  a - + ( s i n  p cos 6 s i n  a + cos p cos a ) c o s  p - 
de df3 
the square of t h e  length  of a l i n e  element on t h e  def lec ted  surface i s  
given by 
ds2 = bo2 + dyO2 + dzo 2 
which upon subs t i t u t ion  from equations (44) and (45) y i e l d s  
ds2 = d x 2  + x 2 k % r  + c o ~ ~ $ ( g T ] d 0 ~  ( 49) 
But i n e x t e n s i b i l i t y  requi res  t h a t  t h e  metr ic  (eq.  (3 ) )  remain unchanged; t hus ,  
it follows from equation (49) t h a t :  
2 d6 
cos p 
“he u n i t  outward normal t o  t h e  def lec ted  surface i s  given by 
- 
V 
- 
i + 
where t h e  pos i t ive  s ign r e f e r s  t o  sur faces  which are concave downward, and the  
minus s ign  t o  those which a r e  concave upward. The uni t  normals i, j ,  and 
- -  
a r e  d i rec ted  along t h e  xo-, yo-, and zo-axes as shown i n  f igu re  1. Upon sub- 
azo azo d6 s t i t u t i o n  from equations (&), (47), and (50 )  f o r  -, -J and - 
ax0 h o  de 
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equation (51) y i e l d s  
- 
% 
i = L e o s  p s i n  a - s i n  p cos 6 cos a)  J1- + s i n  6 cos a de -
r 1 
- 1 s i n  p s i n  6 /l - (ET + cos 6 4 5  
- 
i 
p cos a + s i n  p cos 6 s i n  a) ii.-c.,' - s i n  6 s i n  a 
de 
The u n i t  t a n g e n t i a l  vector  i n  t he  x-direct ion i s  given by 
- 
T1 - - ( s i n  p s i n  a + cos p cos 6 cos a): 
+ (cos p s i n  6 ) s  + ( s i n  p cos a - cos p cos 6 s i n  a)i; 
and t h e  u n i t  t a n g e n t i a l  vec tor  i n  the 0-direction by 
= [ s tn  6 cos aim + (cos p s i n  a - s i n  p cos 6 cos 
+ F i n  6 s i n  a ,/-- + (cos p cos a + s i n  p cos 6 s i n  a)- de]- k 
de 
54) 
- 
The quan t i ty  g can be  expressed i n  terms of v and F2 [ll] and then i n  
terms of the angle  p by using equa t iom (52) and (54) : 
22 
Then from equation (6) t h e  func t ion  
quan t i ty  as follows: 
R ( 8 )  can be expressed i n  terms of the 
APPENGIX B 
CALCULATION OF LIFT AND DRAG FORCES ON THE PARAGLIDER WIN2 
I n  th i s  sec t ion  t h e  l i f t  and drag forces  are derived. A s  a prel iminary 
s t ep ,  t h e  r e s u l t a n t  fo rces  appl ied by t h e  s a i l  t o  the  kee l  and leading-edge 
booms a r e  obtained. These r e s u l t a n t  fo rces  and t h e i r  loca t ions  a r e  use fu l  i n  
obtaining t h e  forces  i n  t h e  shroud l i n e s  and spreader b a r s  of t h e  paragl ider .  
The resul tant  force  appl ied t o  t h e  kee l  by the  ha l f  of t h e  sai l  considered 
i n  t h e  ana lys i s  i s  obtained by i n t eg ra t ion  of t h e  s t r e s s  r e s u l t a n t s  f o r  t h e  
sai l  along t h e  kee l  boundary. Since t h e  tangent vec tors  along t h e  k e e l  do not 
vary with x t h e  vec tor  equation f o r  t h e  force  i s  given by 
and this fo rce  a c t s  through t h e  poin t  x = xK of t h e  kee l ,  where 
xK 
Here (71)K and (?2)K are the  u n i t  tangent vec tors  of t h e  surface a t  t h e  
k e e l  (eqs .  ( 3 3 )  and (54) evaluated a t  8 = 0) .  Similar ly ,  t h e  vec tor  equation 
f o r  resul t .ant  fo rce  appl ied by the  sai l  t o  t h e  leading-edge boom i s  given by 
and this f o r c e  a c t s  through t h e  po in t  x = xL of t h e  leading edge where 
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XL = (60) 
I n  equation (59) (?I) 
(eqs. ( 5 3 )  and (54)) a t  t h e  leading edge 
and ( 72)L a r e  t h e  u n i t  tangent vec to r s  of t h e  surface 
L 
e = eL. 
- - 
It i s  necessary now t o  determine t h e  components of  FK and FL i n  t h e  
- 
xo, yo, and zo d i r e c t i o n s .  For example, t h e  component of FK i n  the  
xo d i r e c t i o n  i s  given b y  
o r  f o r  Newtonian impact theory (eq .  (39))  i n  nondimensional form: 
S i m i l a r l y  the  remaining components are 
e =o q s  2 s i n  BL 
where 
I1 = s i n  p QL s i n  a + cos p 0
K1 = s i n  p BL cos a - cos p eL cos 6 €IL s i n  a 0 0 0 
2 
K2 = s i n  6(eL)sin a /l. - (g) 
e =eL 
cos a + s i n  p eL)cos 6 i e =eL 
The coordinates  xoK, e t c .  ( f i g .  4) through which these  fo rces  a c t  may be 
w r i t t e n  with t h e  a i d  of equations (44), (s), and (60) as 
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YOK = 0 
2 
3 
zOK = - - lK s i n  u 
2 
xoL = 7 ILI1 
(75 )  
( 77) 
(79) 2 zoL = 5 2LK1 
F i n a l l y ,  when both halves  of t h e  symmetrical s a i l  a r e  considered (fig. 4), t h e  
lift and drag c o e f f i c i e n t s  can be expressed as follows: 
D 
qs 
CD = - 
(81) - q % x ,  + FL%) 
where L and D are t h e  l i f t  and drag fo rces ,  r e spec t ive ly ,  on t h e  wing; 
q = $V2 i s  the dynamic pressure,  and 
S = 2 2 s i n  eL K L  
i s  t h e  t o t a l  surface a rea  of the  sa i l .  The r e s u l t a n t  of t h e  l i f t  and drag 
fo rces  a c t s  through t h e  point  (zo,  To) where 
- x o ~ F ~ o  + x ~ ~ F ~ z o  xo = 
FLzO + FKzo 
and 
- '0LF% "OKF% 
zo = 
kg + F a o  
(83 )  
Equations (80) and (81) have been used t o  obtain the r e s u l t s  shown i n  figures 7 
and 8. 
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TABLE 1.- FORCE CHARACTERISTICS OF A PARAGLIDER WING 
AT VARIOUS ANGLES O F  ATTACK, a. 
1 d = 1; eL = 45'; "(eL) = 0; "eL) = 28.2'; = 0.4872 
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0 - 99895 
.004135 
-000137 
.000134 
.oo316 
.000791 
- .00244 
.00183 
.GO4 
0 
- .282 
* 533 
- 315 
- .248 
.0100 
.00185 
5.40 
578 
- -253 
-_ ~ 
30 
0.99603 
.01046 
.00103 
.0006% 
.00791 
.00244 
- .00578 
.00497 
- 577 
0 
- * 333 
.508 
* 315 
- .294 
.0258 
.00695 
3-71. 
* 551 
- .306 
33 
0 - 99234 
- 01979 
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Figure 1.- Paragl ider  wing configurat ion.  
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Figure 2.- Coordinates of s a i l .  
NASA 
/ 
(b) Loaded surface of s a i l .  
Figure 2.- Concluded. 
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Figure 3 . -  Boundary vectors. 
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Figure 4.- Resul tant  forces  applied by the s a i l  t o  the keel and 
leading-edge booms. 
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Figure 6.- Variation of pressure coef f ic ien t  with angle of a t t ack .  
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Figure 7.- Comparison of lift and drag characteristics of paraglider 
wing with those of the rigid idealization. 
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( c )  Lift-to-drag ratio. 
Figure 7. - Concluded. 
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Figure 8.- Variation of l i f t  and drag c h a r a c t e r i s t i c s  of  para 
wing with d ihedra l  angle p(f3L). Angle of a t t a c k ,  a = 35 . 
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